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APPLICATIONS OF THE DEFECT OF A FINITELY
PRESENTED FUNCTOR
JEREMY RUSSELL
Abstract. For an abelian category A, the defect sequence
0 −→ F0 −→ F
ϕ
−→
(
w(F ),
)
−→ F1 −→ 0
of a finitely presented functor is used to establish the CoYoneda Lemma.
An application of this result is the fp-dual formula which states that for
any covariant finitely presented functor F , F ∗ ∼=
(
, w(F )
)
. The defect
sequence is shown to be isomorphic to both the double dual sequence
0 −→ Ext1(TrF,Hom) −→ F −→ F ∗∗ −→ Ext2(TrF,Hom) −→ 0
and the injective stabilization sequence
0 −→ F −→ F −→ R0F −→ F˜ −→ 0
establishing the fp-injective stabilization formula F ∼= Ext1(TrF,Hom)
for any finitely presented functor F . The injectives of fp(Mod(R),Ab)
are used to compute the left derived functors Lk( )∗. These functors
are shown to detect certain short exact sequences.
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1. Introduction
For any abelian category A, the category of finitely presented functors
fp(A,Ab) consists of all functors F : A → Ab for which there exists an exact
sequence
(Y, ) −→ (X, ) −→ F −→ 0
One of Auslander’s major contributions to representation theory was the
demonstration that one may study the category A by studying the category
1
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fp(A,Ab) of finitely presented functors. This originates in [1] and is con-
tinued in many subsequent works such as [2], [3], and [4]. The functorial
techniques Auslander used to study finitely presented functors have become
widespread in representation theory of algebras but have also been applied
to different fields such as algebraic geometry and model theory. For more
information, the reader is referred to [11] and [14].
This paper focuses on applications of the defect which is an exact con-
travariant functor
w : fp(A,Ab) −→ A
constructed by Auslander in [1]. Given a finitely presented functor F and a
presentation
(Y, ) −→ (X, ) −→ F −→ 0
the functor w is completely determined by the exact sequence
0 −→ w(F ) −→ X −→ Y
The functor w reveals information at a local level about the functor F and
from a more macroscopic point of view it reveals information about the
category A. Auslander also associates to each finitely presented functor F ,
an exact sequence
0 −→ F0 −→ F −→
(
w(F ),
)
−→ F1 −→ 0
called the defect sequence. Years later in [4], Auslander and Bridger define
for any additive functor F : A −→ B an injective stabilization sequence
0 −→ F −→ F −→ R0F −→ F˜ −→ 0
This requires that A has enough injectives and that B is abelian. Under-
standing the relationship between these two sequences is the central moti-
vation behind studying the defect in more detail. Our approach leads to the
following main results.
Lemma (The CoYoneda Lemma). For any finitely presented functor F ,
Nat
(
F,
(
X, )
)
∼=
(
X,w(F )
)
Corollary (fp-Dual Formula). The dual of any finitely presented functor is
representable. More precisely, for any F ∈ fp(A,Ab),
F ∗ ∼= ( , w(F ))
where F ∗ is the finitely presented functor in fp(Aop,Ab) given by
F ∗(A) = Nat(F, (A, ))
In addition, we are able to completely describe the connection between
the injective stabilization sequence and the defect sequence. For any finitely
presented functor F , there is a commutative diagram with exact rows
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0 Ext1(Tr(F ),Hom) F F ∗∗ Ext2(Tr(F ),Hom) 0
0 F0 F
(
w(F ),
)
F1 0
0 F F R0F F˜ 0
∼=
∼=
1F
1F
∼=
∼=
∼=
∼=
ϕ
Thus the defect sequence, injective stabilization sequence, and the double
dual sequence are all isomorphic. From this we have the following formula.
Theorem (fp-Injective Stabilization Formula). For any F ∈ fp(A,Ab)
(1) F0 ∼= F ∼= Ext
1(Tr(F ),Hom)
(2) F1 ∼= TrΩTr(F ) ∼= Ext
2(Tr(F ),Hom)
(3) ΩTrΩTrF is the image of the unit of adjunction ϕ = uF : F → F
∗∗
By using Gentle’s results from [10] concerning existence of injectives in
fp(A,Ab) whenever A has enough projectives and the fp-dual formula, we
are able to compute the derived functors Lk( )∗.
Theorem. The contravariant functor L0( )∗ is the only non-trivial left
derived functor of the dual. It is exact and its kernel is a Serre subcategory
of fp(Mod(R),Ab) which vanishes on functors whose presentations arise from
certain short exact sequences.
The structure of the paper is as follows. In Section 2, we review the
Yoneda lemma and recall the definition of the category of finitely presented
functors fp(A,Ab) for an abelian category A. A functor F : A −→ Ab is
finitely presented if there exists a sequence of natural transformations
(Y, ) −→ (X, ) −→ F −→ 0
such that for any A ∈ A the sequence of abelian groups
(Y,A) −→ (X,A) −→ F (A) −→ 0
is exact. The category fp(A,Ab) is abelian and a sequence of functors F →
G → H is exact if and only if for every A ∈ A, the sequence of abelian
groups F (A)→ G(A)→ H(A) is exact.
In Section 3, we extend the definition of the injective stabilization of a
functor F : A −→ B first given by Auslander and Bridger in [4]. Their
definition requires that A is abelian and has enough injectives and that B
is abelian. We give a definition of injective stabilization of F : A −→ B
which does not require that A has enough injectives, but instead requires
that a suitable zeroth right derived functor R0F exists. Three definitions
of zeroth right derived functors are discussed. The first is the classical
definition via injective resolutions and can be found in most introductory
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texts on homological algebra. The second is due to Gabriel, appears in [9],
and requires that B is Grothendieck and has exact direct limits. The third
definition unifies the classical approach and Gabriel’s approach by positing
that the proper way to view the zeroth right derived functor of F is as an
approximation of F by a left exact functor R0F arising from a particular
unit of adjunction.
Let S be a subcategory of a functor category (A,B) where A,B are
abelian. Denote by Lex(S) the full subcategory of S consisting of the left
exact functors. We say that S admits a zeroth right derived functor if
the inclusion functor s : Lex(S) −→ S has a left adjoint r0 : S → Lex(S) such
that
(1) The unit of adjunction u : 1S → sr
0 is an isomorphism on the injec-
tives of A. More precisely, if F ∈ S and I ∈ A is injective, then the
morphism (uF )I is an isomorphism.
(2) The composition r0s is isomorphic to the identity. That is
r0s ∼= 1Lex(S)
We close the section by using the more general definition of the zeroth right
derived functor to define the injective stabilization sequence
0 −→ F −→ F −→ R0F −→ F˜ −→ 0
for any additive functor F : A −→ B between abelian categories admitting
a zeroth right derived functor. This extends the definition of the injective
stabilization sequence originally introduced by Auslander and Bridger in [4]
and will allow us to compare the defect sequence with the injective stabi-
lization sequence.
In Section 4, we recall Auslander’s construction of the defect
w : fp(A,Ab) −→ Ab
and discuss some of its properties. Any finitely presented functor F with
presentation
(Y, ) −→ (X, ) −→ F −→ 0
gives rise to an exact sequence
0 −→ w(F ) −→ X −→ Y
On pages 202 through 205 in [1], Auslander establishes that the assignment
F 7→ w(F ) determines an exact contravariant functor w : fp(A,Ab) −→ A,
that the functor w maps any representable (X, ) toX, and that w vanishes
on those functors F which arise from short exact sequences. That is w(F ) =
0 if and only if there exists an exact sequence in A
0 −→ X −→ Y −→ Z −→ 0
such that we have an exact sequence
0 −→ (Z, ) −→ (Y, ) −→ (X, ) −→ F −→ 0
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We recall how Auslander constructs, for any finitely presented functor F ,
the defect sequence
0 −→ F0 −→ F
ϕ
−→
(
w(F ),
)
−→ F1 −→ 0
The defect sequence plays an important role in establishing applications.
These are discussed in Section 5. First we show that for any abelian category
A, the category of finitely presented functors fp(A,Ab) admits a zeroth right
derived functor as defined in Section 3 and in fact
R0F ∼=
(
w(F ),
)
∼= F ∗∗.
This result was the motivation behind introducing the more general defi-
nition of the zeroth right derived functor. Auslander comments in [1] that
if A has enough injectives, then R0F ∼=
(
w(F ),
)
. However, in the case
that A does not have enough injectives, the defect sequence still exists and
still induces an approximation of any finitely presented functor F by the left
exact functor
(
w(F ),
)
.
Gabriel’s definition of R0F is actually sufficient for showing that R0F ∼=(
w(F ),
)
; however, by using the more general approach and focusing on
the map F
ϕ
→
(
w(F ),
)
as an approximation, we are naturally led to cer-
tain applications of the defect to the functor category. The first of these is a
direct consequence of Auslander’s observation that for any finitely presented
functor F : A −→ Ab and any left exact functor G : A −→ Ab there is an
isomorphism
Nat(F,G) ∼= G
(
w(F )
)
By setting G = (X, ) we have the CoYoneda lemma.
From the CoYoneda Lemma we immediately get the fp-dual formula which
states that the dual of a finitely presented functor F is
(
, w(F )
)
making
it representable and hence projective. Applying the fp-dual formula to the
tensor functor X ⊗ whenever X is finitely presented yields the following.
Corollary. For any finitely presented module X,
(X ⊗ )∗ ∼= ( ,X∗)
Finally, we show the fp-injective stabilization formula which states that
the injective stabilization of a finitely presented functor F is Ext1(Tr(F ),Hom).
In fact, we establish that for any abelian category A and for any finitely pre-
sented functor F , the injective stabilization sequence, defect sequence, and
double dual sequence are all isomorphic. In doing so we prove that ΩTrΩTr
and TrΩTr are endofunctors on the category fp(A,Ab). This is surprising
considering that these constructions are not in general functorial for the
category of finitely presented modules, mod(R).
In Section 6, we discuss the injective objects of fp(A,Ab) when A has
enough projectives. In [10], Gentle essentially shows that fp(A,Ab) has
enough injectives whenever A has enough projectives. As a result both
functor categories fp(Mod(R),Ab) and fp(Mod(R)op,Ab) have enough injec-
tives. We use the injectives of these categories to study the left derived
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functors of the dual ( )∗. We show that the only non-trivial left derived
functor of the dual is the functor L0( )∗ and that the pair of contravariant
functors
fp(Mod(R),Ab) fp(Mod(R)op,Ab)
L0( )∗
L0( )∗
are in fact exact. The kernel of L0( )∗ is a Serre subcategory of fp(Mod(R),Ab)
and in fact, if L0( )∗ vanishes on F , then w(F ) = 0. Therefore, the functor
L0( )∗ detects some type of short exact sequence in Mod(R). Using the
defect and the fp-dual formula, it is shown that L0( )∗ does not vanish
exactly when w vanishes. Hence L0( )∗ detects a new type of short exact
sequence.
In Section 7, we demonstrate how almost split sequences are detected by
the defect. The proof of the existence of these sequences is due to Auslander
and Reiten and first appears in [5]. It turns out that almost split sequences
can be predicted by looking at cases in which there exist minimal projective
presentations of simple finitely presented functors S for which w(S) = 0.
Acknowledgements. The author wishes to sincerely thank the reviewers
for their many useful suggestions and comments concerning the original
submission of the paper. The analysis provided by the reviewers resulted in
significant improvement to the structure of the paper and the presentation
of the results. In particular, the inclusion of the computations of Lk( )∗
are directly due to the request by the reviewers to see applications of the
results contained in the first submission.
2. The Yoneda Lemma and Finitely Presented Functors
This section is a quick review. For more details, see [1] and [13]. Through-
out this entire paper:
(1) The word functor will always mean additive functor.
(2) The category of right modules will be denoted by Mod(R) and the
category of finitely presented right modules will be denoted bymod(R).
(3) Every left module can be viewed as a right module over its opposite
ring Rop.
(4) Unless otherwise stated, the category A will always be assumed to
be an abelian category. All statements hold for an arbitrary abelian
category A which does not need to be skeletally small.
(5) The category of abelian groups will be denoted by Ab.
A functor F : A −→ Ab is called representable if it is isomorphic to
HomA(X, ) for someX ∈ A. We will abbreviate the representable functors
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by (X, ). The most important property of representable functors is the
following well known lemma of Yoneda:
Lemma 1 (Yoneda). For any covariant functor F : A→ Ab and any X ∈ A,
there is an isomorphism:
Nat
(
(X, ), F
)
∼= F (X)
given by α 7→ αX(1X). The isomorphism is natural in both F and X.
An immediate consequence of the Yoneda lemma is that for any X,Y ∈ A,
Nat
(
(Y, ), (X, )
)
∼= (X,Y ). Hence all natural transformations between
representable functors come from morphisms between objects in A. Given a
natural transformation between two functors α : F −→ G, there are functors
Coker(α) and Ker(α) which are determined up to isomorphism by their value
on any A ∈ A by the exact sequence in Ab:
0 −→ Ker(α)(A) −→ F (A)
αA
−→ G(A) −→ Coker(α)(A) −→ 0
The following is a direct consequence of the Yoneda lemma and the fact
that A is abelian. For any morphism α : (Y, ) −→ (X, ), the functor
Ker(α) is also representable. Since α = (f, ) for some f : X −→ Y , apply-
ing ( , A) to the exact sequence
X Y Z 0
f g
results in the following exact sequence
0 (Z,A) (Y,A) (X,A)
(g,A) (f,A)
Hence, the kernel of any natural transformation between representable func-
tors is itself representable. Specifically,
Ker(α) ∼= (Z, ).
Definition 1. A functor F : A −→ Ab is finitely presented if there exist
X,Y ∈ A and α : (Y, ) −→ (X, ) such that F ∼= Coker(α).
One easily shows that if F is finitely presented, then the collection of
natural transformations Nat(F,G) for any functor G : A −→ Ab is actually
an abelian group. As such, one may form a category whose objects are the
covariant finitely presented functors F : A −→ Ab and whose morphisms are
the natural transformations between two such functors. This category is
denoted by fp(A,Ab) and was studied extensively by Auslander in multiple
works.
Theorem 2 (Auslander, [1], Theorem 2.3). The category fp(A,Ab) consist-
ing of all finitely presented functors together with the natural transforma-
tions between them satisfies the following properties:
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(1) fp(A,Ab) is abelian. A sequence of finitely presented functors
F −→ G −→ H
is exact if and only if for every A ∈ A the sequence of abelian groups
F (A) −→ G(A) −→ H(A)
is exact.
(2) Every finitely presented functor F ∈ fp(A,Ab) has a projective res-
olution of the form
0 −→ (Z, ) −→ (Y, ) −→ (X, ) −→ F −→ 0
The functor Y : A −→ fp(A,Ab) given by Y(X) := (X, ) is a contravari-
ant left exact embedding commonly referred to as theYoneda embedding.
In addition, one can show that the projective objects of fp(A,Ab) are exactly
the representables.
3. Zeroth Derived Functors and The Injective Stabilization
Throughout this section we fix abelian categories A,B. We will discuss
three approaches to associating to each covariant functor F : A −→ B, a
zeroth right derived functor R0F : A −→ B. The first is the classical con-
struction which assumes that A has enough injectives. The second comes
from Gabriel’s paper [9] on abelian categories and assumes that B has ex-
act directed limits and is Grothendieck. The final construction makes no
assumptions on A or B other than that both are abelian.
3.1. Classical Definition. Assume that A has enough injectives and let
F : A −→ Ab. The classical definition of R0F : A −→ B uses injective
resolutions of the objects in A. For details, the reader is referred to [6],
Chapter 5, Section 5. For any X ∈ A, take any exact sequence
0→ X → I0 → I1
with I0, I1 injective. The component R0F (X) is defined by the exact se-
quence
0 −→ R0F (X) −→ F (I0) −→ F (I1)
It is easily seen that this assignment is functorial in both F and X. More-
over, up to isomorphism R0F is independent of the choices of I0 and I1. The
following properties may also be established and the reader is again referred
to [6]:
(1) R0F and F agree on injectives.
(2) R0F is left exact.
(3) If F is left exact, then R0F ∼= F .
(4) If G is left exact and G agrees on injectives with F , then G ∼= R0F .
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(5) There is a natural transformation η : F → R0F satisfying the follow-
ing universal property. For any α : F → G with G left exact, there
exists a unique φ : R0F → G making that the following diagram
commute
F
η
//
∀α

R0F
∃!φ
}}③③
③
③
③
③
③
③
③
G
(6) For any left exact functor G, there exists an isomorphism
(F,G) ∼= (R0F,G)
which is natural in F and G.
3.2. Gabriel’s Definition. In [9], Gabriel constructs R0F under the as-
sumption that the source category is abelian and that the target category is
Grothendieck and has exact directed limits. The following is the construc-
tion given there. Let A ∈ A and define EA to be the set of all short exact
sequences 0→ A→ B → C → 0 where B,C ∈ A. Define the relation ≤ on
EA by
0→ A→ B → C → 0 ≤ 0→ A→ B′ → C ′ → 0
if and only if there exists commutative diagram
0 // A // B

// C

// 0
0 // A // B′ // C ′ // 0
For any two short exact sequences ε, ε′ ∈ EA:
ε : 0 // A
i
// B // C // 0
ε′ : 0 // A
j
// B′ // C ′ // 0
the pushout
A
j

i
// B
b

B′
b′
// E
gives rise to the short exact sequence ε′′ ∈ EA
ε′′ : 0 // A
bi=b′j
// E // U // 0
satisfying ε, ε′ ≤ ε′′.
Let
0 // A // B
f
// C // 0
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be exact in A. For any functor F : A −→ B, there is an exact sequence
0 // K // F (B)
F (f)
// F (C)
Denote by F (EA) all exact sequences in B arising in this way. The relation
≤ on EA induces a relation ≤F on F (EA) given by
0 −→ K −→ F (B)
F (f)
−→ F (C) ≤F 0 −→ K
′ −→ F (B′)
F (f ′)
−→ F (C ′)
if and only if there exists a commutative diagram
0 // K

// F (B)

F (f)
// F (C)

// 0
0 // K ′ // F (B′)
F (f ′)
// F (C ′) // 0
The relation ≤F makes F (EA) into a directed system. Gabriel’s definition
of R0F at A is
R0F (A) = lim
−→
F (EA)
This completely determines R0F as a functor up to isomorphism.
Theorem 3 (Gabriel, [9]). For any F : A −→ B,
(1) R0F and F agree on injectives.
(2) R0F is left exact.
(3) If F is left exact, then R0F ∼= F .
(4) There is a natural transformation η : F → R0F satisfying the follow-
ing universal property. For any α : F → G with G left exact, there
exists a unique φ : R0F → G making that the following diagram
commute
F
η
//
∀α

R0F
∃!φ
}}③③
③
③
③
③
③
③
③
G
(5) For any left exact functor G, there exists an isomorphism
(F,G) ∼= (R0F,G)
which is natural in F and G.
3.3. More General Definition. Let S denote any subcategory of (A,B).
Define Lex(S) to be the full subcategory of S consisting of the left exact
functors, that is, all functors F ∈ S such that if 0 → A → B → C → 0
is exact, then 0 → F (A) → F (B) → F (C) is exact. There is an inclusion
functor
Lex(S) S
s
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Definition 2. We say that S admits a zeroth right derived functor if
s has a left adjoint r0 : S → Lex(S) such that
(1) The unit of adjunction u : 1S → sr
0 is an isomorphism on the injec-
tives of A. More precisely, if F ∈ S and I ∈ A is injective, then the
morphism (uF )I is an isomorphism.
(2) The composition r0s is isomorphic to the identity. That is
r0s ∼= 1Lex(S)
If the inclusion s has a left adjoint, the category Lex(S) is a reflective
subcategory of S. If S admits a zeroth right derived functor, then we define
the composition R0 = sr0 to be the zeroth right derived functor of S.
Clearly if S ⊆ (A,B) admits a zeroth right derived functor R0, then for any
functor F ∈ S and any injective I ∈ A,
R0F (I) ∼= F (I)
Moreover, the functor r0 : S → Lex(S) produces for each functor F a left
exact functor r0F by altering F in the smallest amount possible. To clarify
this comment, note that r0 does not change the functors which are already
left exact. It also does not change values of F on objects X such that
0 → X → Y → Z → 0 splits for all Y,Z as this condition implies that
0→ F (X) → F (Y )→ F (Z) is exact whether or not F is left exact. These
objects are precisely the injectives of A. If A has enough injectives, it
is easily seen that the classical definition of R0 satisfies the more general
definition, that is (A,B) admits a zeroth right derived functor. Similarly,
if B is Grothendieck and has exact directed limits, Gabriel’s definition also
satisfies the more general definition.
3.4. The Injective Stabilization Sequence. Now suppose that S is an
abelian subcategory of (A,B) that admits a zeroth right derived functor
R0 : S → S. In this case, there is an exact sequence of functors
0 Ker(u) 1S R
0 Coker(u) 0
u
where u is the unit of adjunction. The functor Ker(u) is called the injective
stabilization functor. Given F ∈ S, the functor Ker(u)(F ) will be denoted
F . The functor F is called the injective stabilization of F. Evaluating
the exact sequence at F yields an exact sequence of functors called the
injective stabilization sequence:
0 F F R0F F˜ 0
uF
A functor F ∈ S is called injectively stable if R0F = 0. This generalizes
the definition of the injective stabilization given by Auslander and Bridger
in [4]. The definition given there is essentially the same except that it uses
the zeroth right derived functor as defined classically, which requires the
existence of injectives in A.
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4. The Defect of a Finitely Presented Functor
At this point we will explicitly recall the construction of the defect
functor w : fp(A,Ab) → A, originally introduced by Auslander in [1]. Let
F ∈ fp(A,Ab) and let
(Y, ) (X, ) F 0
(f, ) α
be any presentation. The value of w at F is defined by the exact sequence
0 w(F ) X Y
k f
This assignment extends to a contravariant additive functor
w : fp(A,Ab)→ A
Auslander established the following properties concerning the functor w:
(1) For any finitely presented functor F , w(F ) is independent of the
chosen projective presentation.
(2) w(X, ) ∼= X.
(3) For any finitely presented functor F , w(F ) = 0 if and only if there
exists an exact sequence 0 → X → Y → Z → 0 such that 0 →
(Z, )→ (Y, )→ (X, )→ F → 0 is exact.
(4) The functor w is exact.
We now recall the construction of the defect sequence
0 F0 F
(
w(F ),
)
F1 0
ϕ
To any projective resolution
0 (Z, ) (Y, ) (X, ) F 0
(g, ) (f, ) α
apply the exact functor w. This yields the exact sequence
0 w(F ) X Y Z 0
k f g
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This exact sequence embeds into the following commutative diagram with
exact rows and columns:
0

w(F ) w(F )
k

0 // w(F )
k
// X

// Y // Z // 0
0 // V

// Y // Z // 0
0
Applying the Yoneda embedding to this diagram and extending to include
cokernels where necessary yields the following commutative diagram with
exact rows and columns:
0

0

0 // (Z, ) // (Y, ) // (V, )

// F0

// 0
0 // (Z, ) // (Y, ) // (X, )
(k, )

α
// F
ϕ

// 0
(w(F ), )

(w(F ), )

F1

F1

0 0
This yields the following exact sequence:
0 F0 F
(
w(F ),
)
F1 0
ϕ
where w(F0) = 0 and w(F1) = 0. This sequence is functorial in F . The map
ϕ is the unique map such that ϕα = (k, ).
Let fp0(A,Ab) denote the full subcategory of fp(A,Ab) consisting of all
functors F for which w(F ) = 0. It is easily seen that fp0(A,Ab) is an abelian
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category and that the embedding
fp0(A,Ab) −→ fp(A,Ab)
is exact and reflects exact sequences. Moreover, F ∈ fp0(A,Ab) if and only
if F0 ∼= F . As a result, for any F ∈ fp0(A,Ab) and for any G ∈ fp(A,Ab),
there exists an isomorphism
Nat(F,G) ∼= Nat(F,G0)
natural in both F and G. This can stated more precisely as follows.
Proposition 4. The functor F 7→ F0 is the right adjoint to the exact
embedding
fp0(A,Ab) −→ fp(A,Ab)
As a right adjoint, this functor is left exact. Since this embedding is exact
the endofunctor F 7→ F0 is also left exact.
5. The CoYoneda Lemma and Applications
We begin this section by making the observation that if F ∈ fp(A,Ab)
and w(F ) = 0, then F vanishes on injectives. To see this note that since
w(F ) = 0 there exists an exact sequence
0 X Y Z 0
f g
such that the following sequence is exact
0 (Z, ) (Y, ) (X, ) F 0
(g, ) (f, ) α
By evaluating this sequence on an injective we have the following exact
sequence
0 (Z, I) (Y, I) (X, I) F (I) 0
(g, I) (f, I) αI
Since I is injective, (f, I) is an epimorphism. Therefore αI = 0. Since αI is
an epimorphism, F (I) = 0.
On page 204 of [1], Auslander observes that the morphism F
ϕ
−→
(
w(F ),
)
satisfies the following universal property. Given any left exact functor
G : A −→ Ab and any natural transformation α : F −→ G, there exists
a natural transformation morphism φ :
(
w(F ),
)
−→ G such that the fol-
lowing diagram commutes
F
ϕ
//
∀α

(
w(F ),
)
∃!φ
zz✉✉
✉
✉
✉
✉
✉
✉
✉
✉
G
From this observation and the Yoneda lemma one easily has the following.
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Theorem 5 (Auslander, [1], page 204). Let F ∈ fp(A,Ab). Suppose that
G : A −→ Ab is any left exact additive covariant functor. Then there is an
isomorphism
(F,G) ∼= G
(
w(F )
)
which is natural in F and G.
Theorem 6. The inclusion functor s : Lex(fp(A,Ab)) −→ fp(A,Ab) admits
a left adjoint r0 : fp(A,Ab)→ Lex(fp(A,Ab)). Moreover, the unit of adjunc-
tion evaluated at any finitely presented functor F is the map ϕ in the defect
sequence
0 F0 F
(
w(F ),
)
F1 0
ϕ
Proof. Define r0(F ) :=
(
w(F ),
)
. From the preceding theorem, for any
F ∈ fp(A,Ab) and for any G ∈ Lex(fp(A,Ab)), there exists an isomorphism(
F, s(G)
)
∼= (r0F,G)
Moreover, this isomorphism is natural in F and G which establishes the
adjunction.
In the commutative diagram with exact rows:
0 G
(
w(F )
)
G(X) G(Y )
0
(
(w(F ), ), G
) (
(X, ), G
) (
(Y, ), G
)
0 (F,G)
(
(X, ), G
) (
(Y, ), G
)
G(k) G(f)
(
(k, ), G
) (
(f, ), G
)
∼= ∼= ∼=
(α,G)
(
(f, ), G
)1 1
θF,G
choose G =
(
w(F ),
)
and focus on the lower left commutative square:
((
w(F ),
)
,
(
w(F ),
)) ((
X,
)
,
(
w(F ),
))
(
F,
(
w(F ),
)) ((
X,
)
,
(
w(F ),
))
(
(k, ),
(
w(F ),
))
θ 1
(
α,
(
w(F ),
))
By definition, the unit of adjunction evaluated at F is uF = θ(1). From this
commutative square, it follows that uFα = (k, ). Since ϕ is the unique
map such that ϕα = (k, ), it follows that ϕ = uF . 
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Theorem 7. The category fp(A,Ab) admits a zeroth right derived functor
R0 : fp(A,Ab) → fp(A,Ab) and R0 ∼= Yw. In particular the zeroth right
derived functor applied to a finitely presented functor yields a representable
functor.
Proof. Let s : Lex(fp(A,Ab)) −→ fp(A,Ab) be the natural inclusion functor.
Observe that for any functor F , Yw(F ) = (w(F ), ). We have already
shown that s admits a left adjoint r0 : fp(A,Ab) → Lex(fp(A,Ab)) sending
F to
(
w(F ),
)
and that the unit of this adjunction evaluated at F is the
map ϕ in the exact sequence
0 F0 F
(
w(F ),
)
F1 0
ϕ
Since w(F0) = w(F1) = 0, both F0 and F1 vanish on injectives. Therefore
ϕI is an isomorphism whenever I is injective. Finally, suppose that F is
left exact. Then F is easily seen to be representable. Observe that if F ∼=
(X, ), then w(F ) ∼= X. Therefore
r0F ∼=
(
w(F ),
)
∼= (X, ) ∼= F
these isomorphisms being natural. As a result, r0(F ) ∼= F . 
The following is a direct consequence of Theorem 5. It is clear from [1]
that Auslander was aware of the result. Krause states this result in [12] in
terms of the Yoneda embedding admitting an adjoint.
Lemma 8 (The CoYoneda Lemma). For any F ∈ fp(A,Ab) and any X ∈ A,
Nat
(
F, (X, )
)
∼=
(
X,w(F )
)
this isomorphism being natural in F and X. This makes (w,Y) an adjoint
pair.
Proof. Since (X, ) is left exact finitely presented, by Theorem 5,
Nat
(
F, (X, )
)
∼= (X, )(w(F )) =
(
X,w(F )
)
this isomorphism being natural in F and X. 
One of the advantages of studying functors is that one may view them
as generalizations of modules, or alternatively, one may view modules as
examples of functors. Many of the familiar module-theoretic definitions can
be translated to the functor category. One such example is the analog of
the functor ( , R) = ( )∗ which sends left modules to right modules and
vice versa.
In [8], Fisher-Palmquist and Newell define a functor
( )∗ : (A,Ab)→ (Aop,Ab)
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as follows: For each F : A → Ab, F ∗ : Aop → Ab is defined by
F ∗(X) := Nat(F, (X, ))
It is easily seen that for any representable functor (A, ),
(A, )∗ = ( , A)
As a corollary to the CoYoneda lemma, the dual of every finitely presented
functor will be representable and completely determined by the defect. At
this point, it is unknown if the condition that F ∗ is representable is necessary
for F to be finitely presented.
Corollary 9 (fp-Dual Formula). For any finitely presented functor F ,
F ∗ ∼= ( , w(F )).
Proof. Let F ∈ fp(A,Ab). Then by definition
F ∗(X) ∼= Nat(F, (X, ))
and by the CoYoneda lemma,
Nat(F, (X, )) ∼= (X,w(F )).
It follows that F ∗(X) ∼= (X,w(F )) on component X. Therefore
F ∗ ∼=
(
, w(F )
)

Corollary 10. For the category fp(A,Ab), R0 = ( )∗∗
Proof.
F ∗∗ ∼=
(
, w(F )
)∗ ∼= (w(F ), ) 
Corollary 11. If F ∈ fp(A,Ab), then F ∗ = 0 if and only if w(F ) = 0.
Let X be a finitely presented right R-module. From Lemma 6.1 in [1],
the functor X ⊗ is finitely presented and if
Q −→ P −→ X −→ 0
is a presentation of X by finitely generated projectives P,Q, then
(Q∗, ) −→ (P ∗, ) −→ X ⊗ −→ 0
is a presentation of the functor X ⊗ . From this one can easily conclude
that w( ⊗ X) ∼= X∗ as follows. Applying the exact functor w to the
presentation of X⊗ yields the following commutative diagram with exact
rows
0 −→ w(X ⊗ ) −→ P ∗ −→ Q∗
Since ( , R) is left exact we also have an exact sequence
0 −→ X∗ −→ P ∗ −→ Q∗
18 JEREMY RUSSELL
It follows that w(X⊗ ) ∼= X∗. From the fp-dual formula, we now conclude
the following formula for the dual of a finitely presented tensor functor.
Corollary 12. For any finitely presented module X,
(X ⊗ )∗ ∼= ( ,X∗).
To state our next result we will need the notion of the transpose of a
finitely presented module. For any ring R and any module M ∈ mod(R),
apply the functor ( )∗ = ( , R) to any presentation of M :
P1 P0 X 0
yielding exact sequence
0 X∗ (P0)
∗ (P1)
∗ Tr(M) 0
The module Tr(M) is called the transpose of M . The assignment M 7→
Tr(M) is not in general a functor and depends on the choices involved. The
construction first appears in [1], though the notation Tr(M) is not used
there.
Proposition 13 (Auslander, [1], Proposition 6.3). Let R be a ring. For
any finitely presented module M , there is an exact sequence of functors
0→ Ext1(Tr(M), R)→M →M∗∗ → Ext2(Tr(M), R)→ 0
We will refer to the sequence in Proposition 13 as the double dual sequence.
It will have a functor analog in the category fp(A,Ab). First we recall
the definition of the transpose of a finitely presented functor. Given F ∈
fp(A,Ab), we take presentation of F
0 (Z, ) (Y, ) (X, ) F 0
Apply the left exact functor ( )∗ to get the exact sequence
0 −→ F ∗ −→ ( ,X) −→ ( , Y ) −→ Tr(F ) −→ 0
The functor Tr(F ) is not uniquely determined as different choices of pre-
sentations may yield different functors; however, it is easily shown that any
two such functors are projectively equivalent.
For any ring R and any right module M ∈ Mod(R) there is a natural
transformation of functors
M ⊗ −→ (M∗, )
Evaluating these functors at the ring R gives a natural morphism of right
modules
M −→M∗∗
Let F : A → Ab and G : Aop → Ab be two functors. There is a well known
abelian group F ⊗G which is a tensor product of functors analogous to the
tensor product of modules. This abelian group was studied extensively in
both [7] and [8].
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Proposition 14 (Fisher, [7]). The tensor product F ⊗ G of functors is
completely determined by the following properties:
(1) For any A ∈ A, (A, )⊗G ∼= G(A)
(2) For any B ∈ A, F ⊗ ( , B) ∼= F (B)
(3) For any F ∈ (A,Ab), the functor F ⊗ is cocontinuous.
(4) For any G ∈ (Aop,Ab), the functor ⊗G is cocontinuous.
The natural morphism from a module to its double dual is obtained by
evaluating the natural morphism M ⊗ −→ (M∗, ). A similar result
holds for functors.
Proposition 15 (Fisher-Palmquist, Newell, [8]). For any functor F : A −→
Ab, there is a natural transformation
F ⊗ −→ (F ∗, )
Corollary 16. For any functor F , there is a natural transformation
F −→ F ∗∗
obtained by evaluating the map F ⊗ −→ (F ∗, ) at the bifunctor Hom.
From the defect sequence
0 F0 F
(
w(F ),
)
F1 0
ϕ
and the fact that for any F ∈ fp(A,Ab) we have F ∗∗ ∼= R0F ∼=
(
w(F ),
)
,
we have the following exact sequence
0 F0 F F
∗∗ F1 0
ϕ
It is easily seen that the map ϕ : F −→ F ∗∗ is precisely the map obtained
by evaluating the natural transformation
F ⊗ −→ (F ∗, )
at the bifunctor Hom. This allows one to calculate F0 and F1 explicitly.
Namely Fk ∼= Ext
k+1(Tr(F ),Hom) where
Extk+1
(
Tr(F ),Hom
)
(X) := Extk+1
(
Tr(F ), ( ,X)
)
The proof is essentially the same as that given for Proposition 6.3 in [1].
The argument given there is in terms of modules and it translates easily
to fp(A,Ab). We can now completely explain the connection between the
injective stabilization sequence of a finitely presented functor, the defect
sequence, and the double dual sequence. They are in fact all isomorphic.
That is, for any finitely presented functor F , there is a commutative diagram
with exact rows
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0 Ext1(Tr(F ),Hom) F F ∗∗ Ext2(Tr(F ),Hom) 0
0 F0 F
(
w(F ),
)
F1 0
0 F F R0F F˜ 0
∼=
∼=
1F
1F
∼=
∼=
∼=
∼=
ϕ
From this discussion we can now state the fp-injective stabilization for-
mula which applies to any finitely presented functor.
Theorem 17 (fp-Injective Stabilization Formula). For any F ∈ fp(A,Ab)
(1) F0 ∼= F ∼= Ext
1(Tr(F ),Hom)
(2) F1 ∼= TrΩTr(F ) ∼= Ext
2(Tr(F ),Hom)
(3) ΩTrΩTrF is the image of the unit of adjunction ϕ = uF : F → F
∗∗
Corollary 18. Suppose that
0 −→ F −→ G −→ H −→ 0
is a short exact sequence of finitely presented functors. Then there is an
exact sequence
0 −→ F0 −→ G0 −→ H0 −→ F1 −→ G1 −→ H1
Proof. The functor R0 is the composition of the exact functor w followed
by the left exact Yoneda embedding. Therefore it is a left exact functor. As
a result, the short exact sequence
0 −→ F −→ G −→ H −→ 0
embeds into the following commutative diagram with exact rows and columns:
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0 0 0
0 F0 G0 H0
0 F G H 0
0 R0F R0G R0H
F1 G1 H1
0 0 0
Applying the snake lemma yields the exact sequence
0 −→ F0 −→ G0 −→ H0 −→ F1 −→ G1 −→ H1 
6. Derived Functors of the Dual
The category of finitely presented functors fp(Aop,Ab) has enough injec-
tives under the assumption that A is a general abelian category with enough
injectives. This was first shown by Gentle in [10]. The following is the ap-
proach employed there. Define the category A/L as follows. The objects
are left exact sequences 0 → A → B → C in A. The morphisms between
two left exact sequences are the normal chain maps modulo those which fac-
tor through split left exact sequences. After defining the category, Gentle
comments that A/L is equivalent to fp(Aop,Ab).
Proposition 19 (Gentle, [10], Prop 1.4). Left exact sequences of the form
0→ K → I1 → I2 with I1, I2 injectives in A are injective objects in A/L.
Immediately after proving this proposition, Gentle shows that A/L has
enough injectives and injective dimension less than or equal to 2. Since
fp(Aop,Ab) is equivalent toA/L, this establishes that fp(Aop,Ab) has enough
injectives whenever A has enough injectives. This implies that if A has
enough projectives, then fp(A,Ab) which is equivalent to fp((Aop)op,Ab)
has enough injectives.
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Proposition 20 (Gentle, [10]). If A has enough projectives, then fp(A,Ab)
has enough injectives and for every F ∈ fp(A,Ab), there exists injective
resolution
0→ F → I0 → I1 → I2 → 0
Example 1. Let R be any ring. The category Mod(R) has enough injectives
and enough projectives. As an immediate application of Gentle’s result, the
categories fp(Mod(R),Ab) and fp(Mod(R)op,Ab) have enough injectives.
Proposition 21 (Auslander, [1], Lemma 5.1). A functor F ∈ fp(A,Ab) is
injective if and only if F is right exact.
From this characterization, Gentle’s result, and simple homological meth-
ods, one can establish that if A has enough projectives, then the injectives
of fp(A,Ab) are precisely the functors F for which there is an exact sequence
(Q, ) −→ (P, ) −→ F −→ 0
with both P and Q projective. We now return to the fp-dual formula.
The functors ( )∗ defined by Fisher-Palmquist and Newell are left exact
contravariant functors:
fp(Mod(R),Ab) fp(Mod(R)op,Ab)
( )∗
( )∗
Because the categories involved have enough injectives, the left derived func-
tors Lk( )∗ can be computed by using injective resolutions.
Let F be a finitely presented functor and
0 −→ F −→ I0 −→ I1 −→ I2 −→ 0
its injective resolution. The functor Lk( )∗ evaluated at F is the k-th
homology of the complex
0 −→ (I2)∗ −→ (I1)∗ −→ (I0)∗ −→ 0
It is easily verified that for all k ≥ 1, Lk( )∗ ∼= 0 because ( )∗ is left
exact. Set n = L0( )∗. Then the functor n(F ) is determined by the exact
sequence
(I1)∗ −→ (I0)∗ −→ n(F ) −→ 0
In fact, because the source categories have injective dimension less than or
equal to 2 and because ( )∗ is left exact, it follows that the functors
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fp(Mod(R),Ab) fp(Mod(R)op,Ab)
n = L0( )∗
n = L0( )∗
are exact. Since n agrees with ( )∗ on injectives, for any finitely presented
injective functor I, we have n(I) ∼= I∗ ∼= ( , w(I)). With this notation, we
now show the following.
Proposition 22. If n(F ) is representable, then n(F ) ∼= ( , w(F )) ∼= F ∗.
In particular, if n(F ) = 0, then w(F ) = 0.
Proof. Suppose that n(F ) ∼= ( , A). Take any injective resolution
0 −→ F −→ I0 −→ I1 −→ I2 −→ 0
and apply the exact functor n yielding commutative diagrams with exact
rows
0 //
(
, w(I2)
)
//
(
, w(I1)
)
//
(
, w(I0)
)
// n(F ) //
∼=

0
0 //
(
, w(I2)
)
//
(
, w(I1)
)
//
(
, w(I0)
)
// ( , A) // 0
Evaluating the bottom row at R and using the natural isomorphism (R,X) ∼=
X yields exact sequence
0 −→ w(I2) −→ w(I1) −→ w(I0) −→ A −→ 0
Since w is exact, it follows that by applying w to the original injective
resolution of F , we have a commutative diagram with exact rows
0 // w(I2) // w(I1) // w(I0) // w(F ) //
∼=

0
0 // w(I2) // w(I1) // w(I0) // A // 0
Therefore A ∼= w(F ) and hence n(F ) ∼=
(
, w(F )
)
. Now if n(F ) = 0, then
n(F ) ∼= ( , w(F )) = 0 and by Yoneda’s lemma, w(F ) = 0. 
This establishes that if n(F ) = 0, then F arises from a short exact se-
quence in Mod(R) since w(F ) = 0. In particular, because n is exact, its
kernel is a Serre subcategory of fp(Mod(R),Ab) and actually a Serre subcat-
egory of fp0(Mod(R),Ab).
Example 2. Consider any finite non-trivial abelian group X. Because X
is a torsion module, it cannot map into Z and so X∗ ∼= 0. By Corollary 12,
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(X ⊗ )∗ ∼= ( ,X∗) ∼= 0. Since X ⊗ is right exact, it is an injective
object in fp(Mod(Zop),Ab). Therefore n(X ⊗ ) ∼=
(
X ⊗
)∗ ∼= 0 while
X ⊗ is not a trivial functor as (X ⊗ Z) ∼= X 6= 0. Hence n vanishes on
non-trivial functors.
Because every functor F ∈ fp(Mod(R),Ab) has an injective resolution
0 −→ F −→ I0 −→ I1 −→ I2 −→ 0
and n agrees with ( )∗ on injectives we have a commutative diagram with
exact rows
0 // (I2)∗ //
∼=

(I1)∗ //
∼=

(I0)∗ //
∼=

n(F ) //
∼=

0
0 // ( , w(I2)) // ( , w(I1)) // ( , w(I0)) // n(F ) // 0
If n(F ) = 0, then since ( , w(I0)) is projective in fp(Mod(R)op,Ab) the
sequence
0 −→ ( , w(I2)) −→ ( , w(I1)) −→ ( , w(I0)) −→ 0
splits. Evaluating at R gives the split exact sequence
0 −→ w(I2) −→ w(I1) −→ w(I0) −→ 0
On the other hand, if the sequence
0 −→ w(I2) −→ w(I1) −→ w(I0) −→ 0
is split, then the sequence
0 −→ ( , w(I2)) −→ ( , w(I1)) −→ ( , w(I0)) −→ 0
is also split and hence n(F ) = 0. This establishes that n(F ) = 0 if and only
if given any injective resolution 0 → F → I0 → I1 → I2 → 0, the sequence
0→ w(I2)→ w(I1)→ w(I0)→ 0 is a split exact sequence.
Example 3. Let X be any module and take a projective resolution
· · · −→ P3 −→ P2 −→ P1 −→ P0 −→ X −→ 0
We have a commutative diagram with exact rows and columns
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0

0

0 // (X, ) // (P0, ) // (ΩX, ) //

Ext1(X, ) //

0
0 // (X, ) // (P0, ) // (P1, ) //

I0 //
xx♣
♣
♣
♣
♣
♣
♣
0
(P2, )
and a simple diagram chase shows that
0 −→ Ext1(X, ) −→ I0 −→ (P2, )
is exact. Moreover, I0 and I1 = (P2, ) are injectives in fp(Mod(R),Ab)
because they are both right exact and hence 0 → Ext1(X, ) → I0 → I1
is an injective copresentation of Ext1(X, ). Since Ext1(X, ) arises from
a short exact sequence, it follows that w(Ext1(X, )) = 0. However, from
the exact sequence
0 −→ w(I0) −→ P1 −→ P0 −→ X −→ 0
we have w(I0) ∼= Ω2X. From the commutative diagram with exact rows
w(I1)
∼=

// w(I0) //
∼=

w(Ext1(X, ))
∼=

// 0
P2 // Ω
2X // 0
it follows that w(I1) → w(I0) → 0 splits if and only if P2 → Ω
2X → 0
splits, which occurs if and only if Ω2X is a projective module. Therefore,
by the discussion immediately preceding this example, if X has projective
dimension larger than 2, then n
(
Ext1(X, )
)
6= 0 and yet w
(
Ext1(X, )
)
=
0.
The means that the functors n and w in general will have different kernels
resulting in an open question. What are the short exact sequences inMod(R)
that correspond to the finitely presented functors F for which n(F ) = 0? It
seems feasible that these sequences are worth investigating though at this
time we do not have a clear description. We conclude by combining the
results from above into the following theorem.
Theorem 23. The exact functor n = L0( )∗ is the only non-trivial left
derived functor of the dual. The kernel of n is a Serre subcategory of
fp(Mod(R),Ab) which vanishes on functors whose presentations arise from
certain short exact sequences. For any F ∈ fp(Mod(R),Ab) the following
are equivalent:
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(1) n(F ) = 0.
(2) For every injective resolution
0 −→ F −→ I0 −→ I1 −→ I2 −→ 0
the sequence
0 −→ w(I2) −→ w(I1) −→ w(I0) −→ 0
is a split exact sequence.
(3) w(F ) = 0 and for any injective copresentation
0 −→ F −→ I0 −→ I1
the map
w(I1) −→ w(I0)
is a retraction.
7. Detecting Almost Split Sequences
The purpose of this section is to demonstrate how studying the category
of finitely presented functors fp(A,Ab) and using functorial techniques can
reveal information about the category A which, one may argue, is more
easily seen in the category fp(A,Ab). For example, the defect w predicts
existence of special short exact sequences in A under the right conditions.
These are the so called almost split sequences discovered and studied in
depth by Auslander and Reiten. The proof of their existence first appears
in [5]. In this section, we show how to recover almost split sequences using
the defect.
Definition 3. A functor S : A → Ab is called simple if S 6= 0 and any
non-zero morphism F → S is an epimorphism.
Proposition 24. Suppose that S : A −→ Ab is a functor satisfying the
following:
(1) S is a finitely presented simple functor.
(2) w(S) = 0.
(3) S has a minimal projective presentation.
Then there exists a short exact sequence
0 −→ X −→ Y −→ Z −→ 0
such that given any u
0 X Y Z 0
K
f
u
either u is a section or there exists g : Y −→ K such that the following
diagram commutes
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0 X Y Z 0
K
f
u
g
Proof. Take a minimal presentation of S
0 −→ (Z, ) −→ (Y, ) −→ (X, ) −→ S −→ 0
Since w(S) = 0, the following sequence is a short exact exact sequence
0 −→ X −→ Y −→ Z −→ 0
Take any morphism u : X −→ K.
0 X Y Z 0
K
f
u
Taking the pushout of this diagram results in the following commutative
diagram with exact rows.
0 X Y Z 0
0 K E Z 0
f
u 1
Using the Yoneda embedding and extending to include cokernels where
necessary, we obtain a commutative diagram with exact rows:
0 (Z, ) (E, ) (K, ) F 0
0 (Z, ) (Y, ) (X, ) S 0
1
(f, )
(u, ) α
By assumption, S is simple and therefore, either α is an epimorphism or
α = 0.
Case 1: α = 0
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If α = 0, there exists (g, ) : (K, ) −→ (Y, ) such that
(f, )(g, ) = (u, )
0 (Z, ) (E, ) (K, ) F 0
0 (Z, ) (Y, ) (X, ) S 0
1
(f, )
(u, ) α = 0
which results in the commutative diagram
0 X Y Z 0
K
f
u
g
Case 2: α is an epimorphism
In this case the composition is (K, ) −→ F −→ S an epimorphism but
then the composition
(K, )
(u, )
−→ (X, ) −→ S
is an epimorphism. But (X, ) −→ S is a projective cover and therefore,
(u, ) must be an epimorphism. Hence u is a section. 
We conclude with an example justifying studying the defect more closely.
The fact that w vanishes on those functors whose presentations arise from
short exact sequences combined with the fact that almost split sequences
are specific examples of short exact sequences indicated that there may be
a connection between the two. Since for an abelian category A, the Yoneda
embedding
Y : A −→ fp(A,Ab)
is not exact, the finitely presented functors can be thought of as a type of
“noise” created by applying the non-exact embedding. Keeping with this
analogy, the “noise” created by the almost spit sequences in the functor
category, one can argue, makes them easier to “hear”. While the correspon-
dence between the simple functors and the almost split sequences is well
known, it is interesting to find these sequences using the defect.
Example 4. Let Λ be a finite dimensional k-algebra. Then mod(Λ) is an
abelian category with enough projectives and injectives. In [3], Auslander
shows that fp(mod(Λ),Ab) has minimal projective presentations. Moreover,
Auslander classified the simple functors as follows. S : mod(Λ) −→ Ab is
simple if and only if there exists a unique indecomposable Λ-module N
APPLICATIONS OF THE DEFECT OF A FINITELY PRESENTED FUNCTOR 29
such that S(N) 6= 0. This establishes a bijection between indecomposable
objects in mod(Λ) and simple functors. We will say that the simple functor
S is determined by N if N is the unique indecomposable module where S
does not vanish. Auslander further shows in [3] that all simple functors
S are finitely presented and hence have minimal projective resolutions. It
is easily seen that w(S) = 0 when S is determined by a non-injective Λ-
module N . Therefore, by Proposition 24 every simple functor determined
by non-injective N gives rise to an almost split sequence.
References
1. M. Auslander, Coherent Functors, Proceedings of the Conference on Categorical Al-
gebra (La Jolla), Springer-Verlag, 1965, pp. 189–231.
2. , Representation Dimension of Artin Algebras, Queen Mary College Mathe-
matics Notes (London), 1971, pp. 1–70.
3. , A Functorial Approach to Representation Theory, Representations of Alge-
bras, Lecture Notes in Mathematics, vol. 944, Springer-Verlag, 1982, pp. 105–179.
4. M. Auslander and M. Bridger, Stable Module Theory, Mem. Amer. Math. Soc. 94
(1967).
5. Maurice Auslander and Idun Reiten, Representation Theory of Artin Algebras III,
Comm.in Alg. (1975).
6. Henri Cartan and Samuel Eilenberg, Homological Algebra, Princeton Mathematical
Series, Princeton University Press, 1956.
7. J. L. Fisher, The Tensor Product of Functors; Satellites; and Derived Functors, Jour-
nal of Algebra 8 (1968), no. 38, 277–294.
8. J. Fisher-Palmquist and David C. Newell, Bifunctors and Adjoint Pairs, Transactions
of the American Mathematical Society 155 (1971), 293–303.
9. P. Gabriel, Des categories abeliennes, Bull. Soc. Math. (1962), 323–448.
10. Ron Gentle, T.T.F. Theories For Left and Right Exact Sequences, Journal of Pure
and Applied Algebra 75 (1991), 489–502.
11. Robin Hartshorne, Coherent Functors, Advances in Mathematics 140 (1998), 44–94.
12. Henning Krause, Morphisms Determined by Objects and Flat Covers, Forum Mathe-
maticum, doi:10.1515/forum-2014-0115 (2014).
13. Saunders MacLane, Categories For the Working Mathematician, Springer.
14. Mike Prest, Purity, Spectra, and Localisation, Encyclopedia of Mathematics and Its
Applications, Cambridge University Press, July 2009.
The College of New Jersey, Ewing, New Jersey
E-mail address: russelj1@tcnj.edu
